An equitable tree-k-coloring of a graph is a vertex coloring on k colors so that every color class incudes a forest and the sizes of any two color classes differ by at most one.
Introduction
A graph G is d-degenerate if every subgraph of G contains a vertex of degree at most d. A tree-k-coloring of a graph G is a function c : V (G) → {1, 2, · · · , k} so that c −1 (i), the color class of c with color i, induces a forest for each integer 1 ≤ i ≤ k. If c is a tree-k-coloring so that |c −1 (i)| − |c −1 (j)| ≤ 1, then we call c equitable. Equivalently, an equitable treek-coloring is a tree-k-coloring so that the size of each color class is at most |G|/k . The notion of the equitable tree-k-coloring was introduced by Wu, Zhang and Li [5] . In 2015, Esperet, Lemoine and Maffray [3] proved that every planar graph has an equitable tree-k-coloring for every k ≥ 4, answering a conjecture of Wu, Zhang and Li [5] .
Esperet, Lemoine and Maffray [3] also proved that every d-degenerate graph admits an equitable tree-k-coloring for every k ≥ 3 d−1 .
In 2017, Chen et al. [2] showed that every 5-degenerate graph with maximum degree ∆ has an equitable tree-k-coloring for every k ≥ (∆ + 1)/2, partially solving another conjecture of Wu, Zhang and Li [5] which states that every graph with maximum degree ∆ has an equitable tree-k-coloring for every k ≥ (∆ + 1)/2. Very recently, Zhang et al. [6] generalized this result by proving that every d-degenerate graph with maximum degree ∆ has an equitable tree-kcoloring for every k ≥ (∆ + 1)/2 if ∆ ≥ 10d.
Motivated by the above results, our goal of this paper is to find for d-degenerate graphs equitable tree-colorings using O(d) colors. The following theorem, which improves the result of Esperet, Lemoine and Maffray [3] mentioned above, and partially improves (when ∆ and |G| is sufficient large) the result of Chen et al. [2] , is the main theorem of this paper. Theorem 1.1. Let α and β be integers and let G be a d-degenerate graph with maximum degree at most ∆ and order n ≥ β∆. If k ≥ αd, then G is equitably tree-k-colorable should α and β take values from the following table:
α β α β α β 8 56 12 13 17 9 9 26 13 12 20 8 10 18 14 11 27 7 11 15 15 10 52 6
Most of the notions and notations in this paper follow from [1] . For example, deg G (v) denotes the degree of v in a graph G, i.e, the number of neighbors of v in G, and e(U, V) denotes the number of edges that have one end-vertex in the vertex set U and the other in the vertex set V.
2 The proof of Theorem 1.1
Let t be an integer such that k(t − 1) < n ≤ kt. We claim that it is possible to color v 1 , v 2 , · · · , v n of V (G) in a degenerate ordering when t ≤ β(2 − 1/α) so that at any stage ( * ) every color class induces a forest and contains at most t vertices. Suppose that we are coloring v i . Let S 2 be the set of color classes of G i−1 that contains at least two neighbors of v i , and let S 1 be the set of other color classes. Clearly,
If there is a color class in S 1 containing at most t − 1 vertices, then move v i into this color class and we win. Hence we assume that the size of every color class in S 1 is exactly t. Let W 1 be the set of vertices belonging to some color class of S 1 . So
Since |G i−1 | < |G| ≤ kt, there is a color class M 2 ∈ S 2 so that |M 2 | ≤ t − 1. If there is a vertex in some color class M 1 ∈ S 1 so that it has at most one neighbor in M 2 , then move this vertex into M 2 and then move v i into M 1 . This constructs a coloring of G i satisfying ( * ) and we win. Therefore, we are left the case that for any vertex in W 1 , it has at least two neighbors in M 2 . This implies that
Hence in what follows we always assume that
where m is an integer and ω 1 , ω 2 , · · · , ω m+1 are integers chosen from {0, 1, 2} (in particular, ω 1 = 0). Actually, those constants m and ω i 's come from the 3-ary representations of t. It is easy to see that
In order to construct an equitable tree-k-coloring of G, we partition
where A i and B i are iteratively defined as follows.
Initially we let
Arrange the vertices of
Next, we add vertices into B i (starting from ∅) one by one. LetB i be the set of vertices that are selected for B i so far. If there is a vertex in the graph induced by V (G)−H i−1 −A i −B i so that it has at least (2α − 4)d neighbors in H i−1 ∪ A i ∪B i , then put it into B i , updateB i and repeat this procedure until we cannot find such a vertex.
By the above constructions of A i , B i and C i ,
Hence by (2.4), (2.5) and (2.6),
Proof. By the choice of A i and the definition of ∆ i , we conclude
Hence by (2.8), we have
Now, it is sufficient to prove that
Since 1 = ω 1 , 2 = 3 1 + ω 2 = 3ω 1 + ω 2 and 3 = 3 2 + ω 3 = 9ω 1 + 3ω 2 + ω 3 by (2.2),
Recall that ∆ ≥ ∆ 1 ≥ ∆ 2 and ω i ∈ {0, 1, 2}.
Suppose, on the other hand, that
Therefore, in each case we conclude that 3ξ ≤ 6∆, and (2.9) holds.
In what follows, we color the vertices of C 1 , C 2 , · · · , C m , C m+1 in such a sequence.
Claim 1.
We can tree-k-color the vertices of C 1 in a degenerate ordering so that each color class contains at most
by (2.7), we have
So, when each vertex u ∈ C 1 is being colored, there are at least k − d/2 color classes containing at most one neighbor of u, at least one of which contains less than 2α−3 2α−5 1 vertices. Hence we can put u into such a color class and we win. 
If H i−1 has been tree-k-colored so that every color class of H i−1 contains at most L i−1 vertices, then it is possible to tree-k-color the vertices of C i in a degenerate ordering so that (1) every color class of H i contains at most L i vertices; (2) no vertex in H i−1 would be recolored.
If Claim 2 has been proved, then by Claims 1 and 2, one can conclude that all the vertices of C 1 ∪ C 2 ∪ · · · ∪ C m+1 = V (G) can be tree-k-colored so that every color class of H m+1 = G contains at most L m+1 = t vertices. This just gives an equitable tree-k-coloring of G and we complete the proof. Therefore, the remaining task is to confirm Claim 2. Before proving it, we first show the following proposition.
Proof. Here we recall (2.2) which states that i = 3 i−1 + ω i ≥ 3 i−1 and m+1 = t. If 2 ≤ i ≤ m, then we consider two subcases. If i−1 ≥ 2, then i ≥ 6 and thus
Recall that t ≥ β(2α − 1)/α by (2.1) and β ≥ 6.
Proof of Claim 2. We now attempt to tree-k-color the vertices of C i in a degenerate ordering so that (1) and (2) hold. Suppose that we are coloring a vertex u ∈ C i and let c be the current partial coloring of G we have already obtained so that every color class of c contains at most L i vertices. 
Let Y = Y j and let y = |Y|. We claim that there exists one color class M j ∈ Y j ∈ Y containing at most one neighbor of u. Hence by moving u into M j and switching witnesses along
, we can complete the coloring on u so that (1) and (2) hold.
Suppose, to the contrary, that every color class of Y contains at least two neighbors of u. Note that any vertex v ∈ C i in some color class outside of Y has at least two neighbors in every color class of Y, because otherwise the color class containing v will in included in Y. In the following, we try our luck to find contradictions under those assumptions.
We claim that y is upper-bounded. Actually, there are less than (2α − 4)d neighbors of u in H i−1 (otherwise u would have already been selected for B i−1 and thus u ∈ C i−1 ), and in C i there are at most d neighbors of u that are already colored (recall that the vertices of C i are being colored in a degenerate ordering). Therefore, among the neighbors of u, less than (2α − 3)d are colored under c. This implies that there are less than (2α − 3)d/2 color classes that contain at least two neighbors of u. Hence
Let S be the set of vertices that are contained in some color class of Y, and let T be the set of colored vertices in C i that do not belong to S. By the d-degeneracy of G and by the above analysis, we have
By the definition of Y 0 , every color class of Y 0 contains less than L i vertices and every other color class in c contains exactly L i vertices. Since no vertex in H i−1 would be recolored when coloring C i , every color class in c has at most L i−1 vertices in H i−1 . So
which implies by (2.11) that
Write γ = y/d. We deduce from Proposition 2 and the above inequality that
we conclude by (2.10) that
We now count the number ζ c of vertices that have already been colored under c. Actually, among the k color classes, there are only |Y 0 | ≤ y color classes containing less than L i vertices. Therefore, ζ c ≥ (k − y)L i . Since k ≥ αd and y < αd/(2α − 3) by (2.12),
On the other hand, it is trivial that
. This is a contradiction. Hence there remains only one case: i = m + 1.
Recall that we are now coloring a vertex u ∈ C m+1 and c is the partial coloring of G already constructed with the property that every color class of c contains at most L m+1 = t vertices. Since |V (G) − {u}| < n ≤ kt, there is at least one color class in c that contains less than t vertices. This implies that Y 0 = ∅.
Let M be a color class of Y 0 . For 1 ≤ j ≤ m, let Z j = M ∩ C j and z j = |Z j |. Since no vertex in H j−1 would be recolored while coloring vertices of C j and every color class of
(2.13)
. Let U be the set of colored vertices in C m+1 that are adjacent to some vertex in M.
For 1 ≤ j ≤ m, recall that ∆ j is the maximum degree of the graph G − H j . It is easy to see that
Since kt/β ≥ n/β ≥ ∆ ≥ ∆ 1 ≥ · · · ≥ ∆ m , by (2.13), (2.14) and Propostion 1, we have 
